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SECTIOS 1. 
Aubert [I] defined an x-system on a commutative semigroup in an effort 
to establish a “general form of reasonable ideal theory”. If we can possibly 
dispense with the presence of “elements” at all, we may perhaps adopt to some 
advantage the set up of m-lattices as an axiomatic source of a general ideal 
theory. In this connection, Aubert makes two major remarks: (i) As far as the 
In-lattice structure of ideals is concerned, the theory of m-lattices and the 
theory of .v-ideals are equivalent under the assumption of ascending chain 
condition ([I], p. 42) and (ii) the continuity axiom of the x-systems cannot be 
formulated as a property of the m-lattice of all x-ideals ([I], p. 43). 
In this note, we elaborate a little more on the second observation. It 
should greatly profit us to reckon that the theory of x-ideals gains us the idea 
of a principal ideal and ensures a “flesible calculus” whereas the study of 
In-lattices does not. It is to be admitted that the principal ideals per se play 
a large role in general algebraic theories. If one is to forget the concept of 
elementhood but rely only on the lattice structure of ideals, much charm is 
gone unless the notion of principal ideals is faithfully translated in the 
language of the ideal lattice. \I’e show that this is where our limitation of 
optimism is defined. However, precisciv this lack of information in m-lattices 
is rrnZb> compensated by, and leads to, a wide-based Krull idcal theory in 
compactly generated (not necessarily commutative) m-lattices as against the 
.v-systems of finite character. 
For comments on the historicai development of several ideal theories, WC 
refer to the article [Z] by- Aubcrt. 
SEC’TIO.\ 2. 
Since w wish to imitate ideal lattices, we shall employ the notations 
accordingly. ,A lattice is denoted by a script capital letter, and its elements by 
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print capital letters. The join and the meet operations of a lattice are wrItten 
as + and n respectively, the partial order being written as -‘,. We shall 
consider only complete lattices. Whereas n will be retained to ind,icate 
arbitrary meet, C will stand for arbitrary join. The smallest and the largest 
elements of the lattice are denoted by 0 and I respectively. 
A lattice with an associative and join distributive (both ways) binary 
multiplication is called [2] an m-lattice. Any lattice can be made into an 
m-lattice in this sense by defining the multiplication as the join operation 
itself. In our desire to leave out such pathological situations and also to 
approximate our study to the ideal lattices, we impose therefore an extra 
postulate in defining m-lattices, viz. the multiplication should be such that 
JB < z-3 n B for all A, B. If, however, I acts as the neutral clement for 
multiplication, we always have 9B LG .-f n B. This follows from the fact that 
the multiplication, being join distributive, is compatible with the partial order. 
From now on, an m-lattice will mean for us always with the condition 
AB < =1 n B. An m-lattice is said to be [2] integral if there is a neutral 
element for multiplication. We may note that in an integral fn-lattice!, this 
neutral element should necessarily be I. For, if it is E then we have El ~ I. 
But EI LC E n I < E. Thus E =- I. 
An element =1 is said to be compact in a lattice if A < C A, implies that 
14 < C A,$ for a finite subcollection {AWi) of (zQ. The lattice will be called 
compactly generated if every clement of the lattice can be obtained as the join 
of compact elements. 
\Ve may note that not every lattice can be made into an m-lattice in a 
nontrivial manner, the trivial multiplication being AR == 0 for all A~, B. We 
actually provide a finite lattice as a counter-example. VV’e consider the finite 
lattice: 
Let this be made into an nz-lattice. Let (X, I’, 2) be any permutation of 
{A, B, C}. We then should have XI’ : 0; also 
XI = X(Y + 2) z XY + x2 = 0. 
Thus 1’ =m 0 and again X2 = 0. That is, the multiplication must be trivial. 
In particular, not every complete, modular and compactly generated 
lattice need be the ideal lattice of a ring with nontrivial multiplication. 
Let us include here the definition of an x-system of Aubert, but the further 
details are left to be found in [I]. We shall say that there is defined an 
x-systen~ on a commutative semigroup S if to every subset A of S there 
corresponds a larger subset -4, such that (i) .4 C B,x -> A,T C B, , (ii) AB, c‘ B,, 
and (iii) AB, C (AB), . The last axiom is rcfcrred to as the continuity axiom. 
A subset .4 of S is called an s-ideal if A-1 ~ rd,: . Obviously, the x-ideals of 
anv x-system can be made into an m-lattice. 
In the first instance, we try to strive with x-systems devoid of the semi- 
group operation. Let 2? be a family of subsets of a set S such that (i) S E 2 
and (ii) 9 is closed under arbitrary intersection. Surely, 2’ can be made into 
a complete lattice with the set inclusion as partial order. For convenience, 
we shall refer to a member of 2 as an “ideal” of S. We can explain then the 
ideal gcncrating process in S in an obvious manner, especially what is meant 
by a principal ideal of S generated by .X E S. 9 will be called the ideal 
lattice of S, and (S; Y) an ideal theory. Apart from several known 
examples of algebraic nature, the family of all closed subsets of a topological 
space and the family of all convex subsets of an Euclidean space are two 
more interesting instances of such an ideal theory. 
THEOREM 1. For an ideal theory (S; -ii’), the following conditions are 
equivalent: 
a) Set union of a chain of ideals is an ideal. 
1,) Principal ideals behave as compact elements in the ideal lattice. 
c) An ideal is$nitely generated if and onl?/ if it is a compact element in the 
ideal lattice. 
d) The ideal generated bjt any subset A4 of S is the set union of all the ideals 
generated by each qf the$nite subsets of A. 
We present a cyclic proof. 
a) -F b). Let fl be any index set and suppose that d, is an ideal for each 
,! t /! such that (x) C 2 ne,r d. Well-order the index set fl ending with a limit 
ordinal TV. Put B, z:rscA , for each X E fl. We have xAtn A, = untn B, ; 
thus .V E BAO =m zn.-A A, 
induction does the res”t. 
for some h,, ~1 + The principle of transfinite 
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b) - c). A finitely generated ideal is clearly a finite join of principal 
ideals which are compact, and thus itself is compact. Converse fo’llows 
because any ideal is a join of principal ideals generated by each of those 
elements within it. 
c) ----f d). Let &4 be a subset of S and (F,J,lG/l be the collection of all finite 
subsets of 9. Obviously UAEa4 (FJ C C,,En (FJ L= (A). If now x E (A), we 
have (x) C xhEn (F,). (x) being compact in the ideal lattice, this implies that 
(x) C x.i (E:, ) for a finite subcollection {(Fh)I of {(F*)}. But xi (FA,) = (UL FAZ); 
and Ui FA, itself is a finite subset of -4. Thus (A) :m- lJht., (FJ. 
d) ---f a). If x t xAt., A,j then s E (F), where F is a finite subset of 
UAEn d,\ . Thus x should belong to the join of a finite number of -4:s. If now 
<-lis form a chain, it follows that x belongs to some d,, . This prove:; the 
desired conclusion. 
COROLL.~RY 1. d T,-topological space is discrete if and only $ set union of 
u chain of closed sets is closed. 
COROLLARY 2. In the lattice of all convex subsets of an Euclidean space, 
a compact element is characterized by a closed convex polyhedral region, including 
011 the degenerate ones like points, segments, etc. 
The equivalence a) tt d) of Theorem I for x-systems is proved also in [I], 
where again the semigroup structure is not used. An ideal theory (5’; 9) 
satisfying the above conditions may be referred to, following Aubert [!I, as 
one of finite character. 
Note that if (S; 9) is of finite character, Y is a compactly generated lattice. 
The converse may not however be true. The required counter-example is 
given below: 
Example 1. Let S be a compactly generated lattice where ascending 
chain condition fails. We can cite two major instances of such a lattice: (i) The 
ideal lattice of a non-Xoetherian commutative ring and (ii) the lattice of all 
open sets of an infinite compact Hausdorff zero-dimensional space. WC will 
define an ideal theory (S; 9) as follows: 9 consists precisely of principal 
ideals of the lattice S. The obvious (complete) lattice isomorphism between S 
and D%’ shows that 2 is compactly generated. But 2 cannot be of finite 
character. For, every member of 2’ is principally generated and not every 
element of the lattice S, therefore 9, is compact. 
hlatter of fact, if in the above example S happens to be a commutative 
m-lattice where multiplication is arbitrarily join distributive (as in the major 
instances thereof), we also have that the ideal theory (S; 2’) is actually an 
.r-system, the multiplication in S serving as the underlying semigroup 
operation. Furthermore, S and 0s” are isomorphic as m-lattices. Thus: 
The Hz-lattice of x-ideals of an x-system may be compactly- generated with 
multiplication arbitrarily join distributivre, and yet the x-system need not be 
of finite character. 
It may also be remarked here that in the nl-lattice of .x-ideals of an x-system, 
the following two conditions arc independent of each other: 
(i) The multiplication is arbitrarily join distributive. 
(ii) The lattice is compactly generated. 
(i) + (ii). Consider the ideal theory (S; -Y) as described in Example 1 
where now S is the lattice of all open sets of a connected Hausdorfi space. 
(ii)+(i). C’onsider the idcal theory (5’; 9) as described in Example 1 
where now S’ is the chain of non-negative integers with m attached as the 
largest element, S being made into an f/r-lattice with the commutative 
multiplication defined as follows: rrh 0 if rr + xc and 0 ,L TJ and a acts 
as the neutral clement. 
The independence of the above txo conditions arc as they should be, in vie\\ 
of the fact that in (i) an extra binary operation is involved whereas in (ii) the 
condition is entirely within the bounds of lattice theorv. This can best be 
csplained by the following fact: 
A compactly generated distributive lattice has the property that the meet 
operation is arbitrarily join distributive. 
THEOREM 2. There camot be a definition of ‘6principal elements” in the 
theory of m-lattices o that the notion of principal elements concurs with the 
notion of principal ideals when ilzterpreted in the ideal lattices of r-systems, 
particularly of both rings a?ld m-lattices to<gethrr. 
We establish this by considering the tlz-lattice Y(R) of all ideals of a 
commutative Noetherian ring with unity. The ideals of the m-lattice J?(R) can 
be made into an m-lattice YS?(R) again. Since A?(R) satisfies ascending chain 
condition, vve can see that A?(R) and 92(R) arc isomorphic as nz-lattices; 
furthcrmorc, the ascending chain condition in a complete lattice is equivalent 
to saying that every element is cc>mpact. Let there be any possible definition of 
a “principal element” in the theory of m-lattices o as to precisely describe the 
principal ideals of rings and m-lattices-when interpreted accordingly. 
Since every ideal of the m-lattice P’(R) ‘. 1 15 xincipal, this forces the conclusion 
that every ideal of the ring 1-Z is principal. This need not be so, for we may have 
started with the polynomial ring in two ii&terminates over a field. 
This result is surprising because a principal ideal of any (rn-) lattice can 
be characterized as a compact element in the ideal lattice; also Dilworth [3] 
has given a characterization of principal ideals of unique factorization domains 
as members of the ideal lattice. We may determine all principal ideals of 
commutative (von Neumann) regular rings with unity as complemented 
elements in the ideal lattice. But a comprehensive and full definition of 
principal ideals of arbitrary rings as members of the ideal lattice has not so far 
been given to the author’s knowledge. 
SECTION 4. 
\Vith this situation on hand, it is interesting to find that the Krull theory 
of ideals, developed in [I] for s-systems of finite character, should feature in 
compactly generated m-lattices also. In obtaining such a generality of results, 
wc replace the intrinsic behaviour of the clementhood by a set of compact 
generators-ostensibly, the principal ideals. 
In 2 is an (integral) In-lattice, then for any A E -%, the dual principal ideal 
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m-lattice in a natural way- by defining aY * 1. == XY + A as the multipli- 
cation for all S, YE L?A . 
PROPOSITION 1. When a complement exists for an element in au integYa1 
m-lattice 9, it must be unique. 
For, let A E LZ have complements -4, and d, . Then 
A, -= .4,1 = A1(;2 A- A,) ::~ A,rl -:- ‘4,‘4, ; 
and 
A, = IA, = (A 7 A,) A, : L-1, t A2A, . 
But since =1 n .‘I, = 0, =1.4, -= &4 0. Thus il, ~- &-Jz m=: A,A, . 
Likewise with respect to ^ i1?. We conclude that .I1 :: -4, . 
COROLLARY. In an integral m-lattice, the uelatize complement of any element 
with respect to any interval of the type (A, I), Z&T it exists, is unique. 
The example at the end of Section 2 is born out of this consideration. This 
is an instance where the nz-lattice comes closer to the study of ideal lattices 
than the mere complete lattices in general. 
Let X denote a join-generating subset of an TtL-lattice Lz? in u-hat follows. 
In case LZ is compactly generated, \ve shall also view this fact by taking that .X 
consists of compact elements. The elements of .iy’ w-ill be denoted by small 
letters, conveying a sense of “principal ideals” in the backdrop. 
A proper element P (i.e. P f I) of an wlatticc L? is said to be a prime if 
:iB c, P- -4 1 P or B 5:: P. 
Obviously: A proper element P of an nr-lattice LZ’ is prime if and only 
if q + P + N : Pory i P. If P, is a chain of primes of -4a, n P, is also 
prime; thus, if P is a prime divisor of ,4 (i.e. _.I - P), then there is a minimal 
prime divisor Q of A such that Q I’. If further 9 is compactly generated 
and my is compact for every s, y E .f‘, then C P, also is prime. 
PHOPOSITION 2. Let .?I he a subset of compact elements of a lattice 9. If 
A E 9 is such that A, ,+ 9 for each A, c .p/, there is a I’ E .% such that A P 
and -4, ; P .for each A,, t .-I’ and maximal for these properties. Jf 27 is an 
m-lattice and .Rc is multiplicatively closed, P is also prime. 
For, the existence of such a P is assured by Zorn’s Lemma. We will shovs 
that P is prime when 2’ is an m-lattice and .-I is multiplicativelp closed. Let 
X :< P and Y $ P. Then wc have A, S -I- P and A, Y 2 P for some 
A, , 4, E .d. This shows that 
Thus, in any lattice in which 1 is compact, any element has a maximal 
divisor. Note also that any maximal clement of an integral m-lattice is prime 
(the compactness of 1 not being assumed). 
PROPOSITION 3. Let 2’ be a compactly generated m-lattice such that finite 
products of elements of Y are compact. Then a prime P E 9 is minimal prime 
divisor of A E 9 if and only if-for every .x -: P there exists y $ P such that 
(XY Y c< A for some natural number n. 
IF: Let Q be a prime divisor of A such that Q < P. Then there exist 
x E 2’” such that x < P but x $ Q. But, for this x E X there corresponds 
y 4 P such that some (xy)” . A. Thus my .<; Q, a contradiction. 
ONLY IF: Suppose that x ::; P such that for each y,, :f; P we have 
(xy$ 3.1 A for every natural number n. Consider the subset ~2 of 3 consisting 
of finite products of (xyJ*%, y.y $ P. M:c now observe that 
Thus no element of .d can be smaller than A. Using Proposition 2, we now 
obtain a prime Q such that A s< Q and no clement of & is smaller than (2. 
Thus Q .< P, and x $ Q; this proves the result. 
PROPOSITIOK 4. Let S? be a compactly generated m-lattice such that finite 
products of elements of 9” are compact. Then for any .4, B E 9, there is a prime 
P such that A .< P < B {f and only if x1 ... s,~ ,Y: A implies that some xi 55 B, 
and therefore, if and only if A,& ... A, .;: -4 implies some A, 2 B. 
We prove the If part, the other being trivial. Consider the subset ,d of 2 
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consisting of all finite products of the form x1 ... sfG , where each X, $ B. The 
required prime P is obtained, using Proposition 2. 
PROFOSTION 5. For an element Q of an m-lattice, the following conditions 
ure equivalent: 
(a) iz” L< Q --t A < Q. 
(b) A” <Q+A <Q. 
(c) .P ,< Q-x<Q. 
(4 .I+ :< Q + x -‘< Q. 
The proof is easily checked. 
DEFINITION. A proper element Q of an m-lattice is said to be ha&f-prime 
if any one of the above equivalent conditions are_satisfied by Q. 
If A is a proper element of m-lattice, write d\/,4 to be the join of all those 
.I‘ E .X for which some Y’ i A. Certainly A < z/ii; and A is half-prime if 
and only if L4 = V%. 
PROPOSITION 6. Let 3 be an m-lattice. !f XT% G< A (i = 1, 2,..., Y), then 
(C sip < A. 
To prove this, we observe that every term of the expansion of (C ~~~~~~~ 
should be smaller than A, because in each such term at least one xi will occur 
more than or equal to ni times. 
By using Proposition 6, we obtain: 
PROPOSITION 7. Let K be a compact element in an m-lattice 2. 7’he.n for 
any A t 3, K :< 2/A if and only if some K” r A. 
PROPOSITION 8. Let ?.Z be an m-lattice in which every x” is a compact 
element for all x E X. Then for any A E lia, z/z = m. That is, Y’> is 
half-prime. 
PROPOSITION 9. Let 3 be an m-lattice. Then for any Q E 2, each qf the 
followitzg conditions implies the next. If every .2*” is a compact element for all 
.Y E .fl all are equivalent. 
(a) Q is a meet of prime elements. 
(b) rZnB <Q$aandonEyifiZB <Q, 
(c) Q -: X/g. That is, Q is half-prime. 
It is trivially checked that a) - b) --f c). Suppose now that every 2~~’ is 
a compact element for all A F X’. Consider any y t A“ such that y + 0. 
Then no clement of the form>rl can be less than Q. By Proposition 2, it follows 
that there is a prime element P such that Q ’ P and y .; P. ‘This shows that 
there exist prime clemcnts bigger than Q and also that their meet cannot be 
bigger than Q. This proves the result. 
COROLLARY. I,et d;p be an m-lattice in zdich ezery xTL t’s a compact element ,- 
for all .2: E X. Then for ally -4 E 3, v A is u meet of prime elements. 
I wish to take this opportunity to express my sincere thanks to Prof. M. Venkataraman 
for his encouragement and enthusiasm shown throughout. 
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